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The quantum vacuum contribution to Berry’s geometric phase of photon fields inside a noncopla-
narly curved (coiled) fiber is considered by means of the second-quantization formulation. It is
shown that the quantum vacuum Berry’s phases of left- and right-handed circularly polarized light
have the equal magnitudes but opposite signs, and are therefore eliminated entirely by each other.
In order to realize such a novel vacuum effect, a scheme to separate the quantum vacuum Berry’s
phase of one polarized light from another by using the chiral medium fiber is suggested. We think
the present study might be the first treatment for the time evolution of vacuum zero-point energy.
PACS numbers: 03.65.Vf, 42.50.Xa, 42.70.-a
During the past two decades, the topics on geomet-
ric phases and time-dependent quantum systems [1] have
attracted extensive attention of a large number of inves-
tigators in various fields, including quantum optics [2],
condensed matter physics [3], nuclear physics [4], grav-
ity theory [5] as well as molecular physics (molecular
chemical reaction) [6]. Recently, geometric phase has
practical applications in the subjects of quantum deco-
herence and geometric (topological) quantum computa-
tion [7]. As for the purely theoretical aspect of geomet-
ric phases, historically, Berry established a semiclassical
connection between the quantal geometric phase γ [1]
and the classical Hannay’s angle ∆θl (I) [8] as follows:
∆θl = −∂γ/∂nl. Here, the geometric phase is associated
with the eigenstates with quantum numbers n = {nl},
and the Hannay’s angle ∆θl is a shift in the lth angle
variable for motion round a phase-space torus with ac-
tions I = {Il} [9]. According to Berry’s relation, one can
obtain γ = −nl∆θl + γ0 (here the summation over the
repeated indices is implied), where γ0 is an integral con-
stant. Thus, a new question that might have never been
considered before is left to us: what is the physical mean-
ings of the nonvanishing integral constant γ0 (should such
exist)? We believe that such an integral constant may
have close relation to the quantum vacuum contribution
to the time-dependent quantum system, namely, γ0 may
be viewed as Berry’s phase at quantum vacuum level,
which arises from the quantum fluctuation of vacuum.
Quantum vacuum effects have so far captured inten-
sive attention of many researchers in quantum optics,
quantum field theory and atomic (molecular) physics
[10, 11, 12]. These effects are as follows: the Casimir
effect [10], anomalous magnetic moment of electron, vac-
uum polarization, Lamb’s shift [11] as well as Casimir-
Polder potentials [12]. More recently, some new vac-
uum effects caused by quantum fluctuation in the in-
homogeneous and anisotropic electromagnetic materials
have been predicted theoretically or observed experimen-
tally. These include the dramatic modification of spon-
taneous emission in photonic crystals [13] and EIT me-
dia (multilevel atomic ensemble) [14], magnetoelectric
birefringences of quantum vacuum [15] and vacuum con-
tribution to the momentum of anisotropic media (e.g.,
magnetoelectric materials) [16]. Even though some re-
searchers investigated the problem of light propagation
in a noncoplanarly curved (coiled) fiber by means of
various methods, including the classical electromagnet-
ics, differential geometry (parallel transport) as well as
the first-quantization formulation [17, 18], to the best
of our knowledge, the treatment based on the second-
quantization formulation has so far never been consid-
ered in references. In this Letter, we will study the wave
propagation of the coiled light (and hence the quantum
vacuum contribution to Berry’s phase) inside the frame-
work of second quantization, namely, a physical realiza-
tion will be proposed for photon Berry’s phase at vac-
uum level, which originates from the quantum vacuum
fluctuation. It should be noted that since the left- and
right-handed (LRH) circularly polarized photons acquire
the quantum-vacuum Berry’s phases with equal magni-
tudes but opposite signs, such vacuum contributions to
the LRH polarized light are always eliminated completely
inside the isotropic media and may therefore have no ob-
servable effects experimentally. However, in some cer-
tain anisotropic media such as chiral media, gyrotropic
(gyroelectric or gyromagnetic) media and magnetoelec-
tric materials, the quantum vacuum contribution may no
longer be exactly cancelled for the LRH circularly polar-
ized light since the noncompensation effect [16] of a pair
of LRH vacuum modes will arises in these anisotropic me-
dia. We suggest an experimentally feasible scheme to test
this new vacuum effect by using the noncoplanar (coiled)
chiral-medium fiber in Tomita-Chiao experiment [17].
First, we consider the wave propagation inside the non-
coplanar fiber. According to the Maxwellian equations,
the field vectors G± = E± ivB agree with the following
2equations
∇×G± = ± i
v
∂
∂t
G± (1)
with the phase velocity v = c/n, where n denotes
the optical refractive index of the linear electromagnetic
medium. Consider a planar electromagnetic wave whose
field vector G+ ∝ exp (ik · r). Thus, Eq. (1) can be
rewritten as k × G+ = (1/v)(∂/∂t)G+. By using the
relations S × S = i~S and [a · S,b · S] = i~ (a× b) · S,
where S denotes the spin operator of the photon field,
one can further obtain [vk · S,G+ · S] = i~(∂/∂t)G+ ·S.
Further analysis shows that the field vectors G± (or the
operator G± · S) satisfy (for simplicity, the subscript ±
will be omitted)
∂
∂t
G · S+ 1
i~
[G · S, vk · S] = 0, (2)
which is just a form of Liouville-von Neumann equation
∂
∂tI + (i~)
−1 [I,H ] = 0 [19]. Here, I and H denote the
Lewis-Riesenfeld invariant [19] and the Hamiltonian of
the quantum system, respectively. It follows from Eq.
(2) and the Liouville-von Neumann equation that the
operator vk · S can be regarded as the effective inter-
action Hamiltonian that characterizes the wave propaga-
tion of circularly polarized light inside the noncoplanar
fiber. Here, k denotes the wave vector of one-dimensional
longitudinal propagation along the guiding direction. As
the relation between the frequency ω and the modulus
of wave vector of the electromagnetic wave in a linear
medium is ω = kv, the effective Hamiltonian vk · S can
be rewritten as ωn · S, where the unit vector n ≡ k/k,
which can be expressed as (sin θ cosϕ, sin θ sinϕ, cos θ).
In the noncoplanar fiber, the angle displacements, θ (t)
and ϕ (t), in the three-dimensional spherical polar coor-
dinate system are the time-dependent functions. Note
that here θ (t) and ϕ (t) can characterize the geometric
shape of the noncoplanarly curved fiber, since it was as-
sumed that in waveguides (fibers) for photons (or their
atomic counterparts) [20], the wave packet describing the
propagation follows the channel smoothly and without
too much distortion. Such assumptions derive from some
underlying smoothness of the guiding structures and thus
the adiabaticity will hold in the propagation process [20].
In view of the above discussion, the eigenvalue equation
of instantaneous Hamiltonian H(t) = ωn(t) ·S governing
the wave propagation of the light in the noncoplanarly
curved fiber reads ωn(t) ·S|k(t),±〉 = E±|k(t),±〉. If the
initial condition for the photon wave vector is k(t = 0) =
(0, 0, k) (and hence θ(t = 0) = 0), then the solutions of
this equation are of the form |k(t),±〉 = V (t)|±〉, where
|±〉 = |k(t = 0),±〉, and the time-dependent unitary
operator in the solutions is
V (t) = exp
{[
−θ(t)
2~
e−iϕ(t)
]
S+ −
[
−θ(t)
2~
eiϕ(t)
]
S−
}
.
(3)
Here the operators S± = S1 ± iS2. Further calculation
shows that the explicit expressions for the above solutions
take the form
|k(t),+〉 =
[
cos
θ(t)
2
|+〉+ eiϕ(t) sin θ(t)
2
|−〉
]
,
|k(t),−〉 =
[
cos
θ(t)
2
|−〉 − e−iϕ(t) sin θ(t)
2
|+〉
]
. (4)
Note that for the propagating electromagnetic wave in
the noncoplanar fiber, the cyclic evolution of photon
wavefunction will yield the original state plus a phase
shift [1], which is a sum of a dynamical phase −γ(d)± (T )
and a geometric phase shift γ
(g)
± (T ), namely, if the initial
state is |±〉, then the state at T is
|k(T ),±〉 = exp
[
iγ
(g)
± (T )
]
exp
[
−iγ(d)± (T )
]
V (T )|±〉,
(5)
where γ
(d)
± (T ) = ~
−1
∫ T
0
〈±|V †(t′)H(t′)V (t′)|±〉dt′ and
γ
(g)
± (T ) =
∫ T
0 〈±|V †(t′)i∂V (t′)/∂t′|±〉dt′. Here the ex-
plicit expressions for the geometric phase shift γ
(g)
± (T ) =
−~−1〈±|S3|±〉
∫ T
0
ϕ˙(t′) [1− cos θ(t′)] dt′, where dot de-
notes the time derivative.
In the following, we assume that the noncoplanarly
curved fiber has the shape of coil [21]. Consider a typical
case where the precessional frequency ϕ˙ of photon mov-
ing on the fiber helicoid is constant (denoted by Ω) and
the nutational frequency θ˙ vanishing. After one period
(T = 2π/Ω) that it takes to complete a precessional cycle
in the coiled fiber, the cyclic geometric phase (Berry’s
phase shift) is γ
(g)
± (T ) = −2π (1− cos θ)〈±|S3|±〉/~,
where 2π(1 − cos θ) is an expression for the solid angle
subtended at the center by a curve traced by the photon
wave vector in the propagation process inside the coiled
fiber.
Now we consider the expectation value, 〈±|S3 |±〉, of
the third component of photon spin operator in γ
(g)
± (T ).
Substitution of the Fourier expansion series of three-
dimensional magnetic vector potentials A(x, t) into the
expression Sij = −
∫
(A˙iAj − A˙jAi)d3x [22] for the spin
operator of the photon field yields the monomode spin
operator S3 = (i~/2)[a(k, 1)a
†(k, 2) − a†(k, 1)a(k, 2) −
a(k, 2)a†(k, 1) + a†(k, 2)a(k, 1)] with a†(k, λ) and a(k, λ)
(λ = 1, 2) being the creation and annihilation opera-
tors of polarized photons corresponding to the two mu-
tually perpendicular polarization vectors. Here, λ de-
notes the label of the polarization vectors [22]. In
what follows, we will define the creation and annihila-
tion operators, a†R(k), a
†
L(k), aR(k), aL(k), of right- and
left-handed circularly polarized light [22], which are ex-
pressed in terms of a†(k, λ) and a(k, λ), i.e., a†R(k) =
[a†(k, 1) + ia†(k, 2)]/
√
2, aR(k) = [a(k, 1)− ia(k, 2)]/
√
2,
a†L(k) = [a
†(k, 1) − ia†(k, 2)]/√2 and aL(k) = [a(k, 1) +
ia(k, 2)]/
√
2. Thus, the spin operator of monomode pho-
3ton can be rewritten in terms of the creation and an-
nihilation operators of left- and right-handed polarized
photons, i.e., S3 =
[
aR(k)a
†
R(k) + a
†
R(k)aR(k)
]
~/2 −[
aL(k)a
†
L(k) + a
†
L(k)aL(k)
]
~/2, which can also be
rewritten as the form S3 =
[
a†R(k)aR(k) + 1/2
]
~ −[
a†L(k)aL(k) + 1/2
]
~. Hence, Berry’s phases (at second-
quantization level) of left- and right-handed circularly
polarized light accumulated in one precessional period
(T = 2π/Ω) are γ
(g)
nL (T ) = +2π (1− cos θ) (nL + 1/2)
and γ
(g)
nR (T ) = −2π (1− cos θ) (nR + 1/2), where nL and
nR denote the occupation numbers of left- and right-
handed polarized photons, respectively.
It is physically interesting to consider the connection
between the second- and first-quantized Berry’s phases.
Such a connection can be demonstrated by taking ac-
count of the expectation value of the operator of electric
field strength in the coherent state: specifically, the co-
herent state of the polarized light (say, the right-handed
polarized light) at t = T can be constructed in terms of
the photon states [23] exp [iγnR(T )] |nR, T 〉, i.e.,
|α, T 〉 = exp
(
−α
∗α
2
) ∞∑
nR=0
αnR√
nR!
exp [iγnR(T )] |nR, T 〉,
(6)
where γnR(T ) = γ
(g)
nR (T ) − γ(d)nR (T ) and |nR, T 〉 =
V (T )|nR〉. The expectation value of the operator qˆ =(
aR + a
†
R
)
/
√
2 of the electric field strength in the co-
herent state (6) is
〈qˆ〉(T ) = 1√
2
{α∗ exp [−i∆R(T )] + α exp [i∆R(T )]} ,
(7)
where ∆R(T ) = γnR+1(T ) − γnR(T ), which is a phase
shift independent of the photon occupation number nR.
Thus, the geometric phase contribution in the phase shift
∆R(T ) is
γ
(g)
R = −2π (1− cos θ) , (8)
which is a first-quantized Berry’s phase acquired by the
electromagnetic wave in the cyclic process. It should be
noted that the result (8) obtained here is consistent with
the previous studies based on the differential geometry
method, Maxwellian equations and quantum mechanics
(first quantization) [17, 18]. So, we think the treatment
presented in this Letter is self-consistent. Apparently,
there exists no Berry’s phases at quantum vacuum level
in the expression (8) since ∆R(T ) in (7) is merely a phase
shift at first-quantization level.
It follows from the expressions for γ
(g)
nL (T ) and γ
(g)
nR (T )
that Berry’s phases of the left- and right-handed polar-
ized vacuum modes are always having the equal magni-
tudes but opposite signs, i.e., γ
(g)
0L
(T ) = +π (1− cos θ)
and γ
(g)
0R
(T ) = −π (1− cos θ). Unfortunately, such a
novel vacuum effect may not manifest the observable
phenomena experimentally. Indeed, historically, Berry’s
phases at quantum vacuum level inside the curved fiber
have not been detected in the previous experiments [17]
just due to such a cancellation.
However, it is reasonably believed that since the vac-
uum mode structures can be influenced dramatically by
the anisotropic [16] (and inhomogeneous [13]) environ-
ment, some quantum vacuum effects will unavoidably
arise in anisotropic (and inhomogeneous) media. Here,
we will take into account the wave propagation in the chi-
ral medium fiber, in which the quantum vacuum contri-
bution to the left- and right-handed polarized fields will
no longer be eliminated by each other. A homogeneous
chiral medium can be characterized by the following con-
stitutive relations [24]
D = ǫǫ0E+ iζB, H = iζE+
B
µ0
, (9)
where ǫ and ζ denote the relative permittivity and
the chirality parameter, respectively. As a prelimi-
nary consideration, let us first analyze the problem
of field quantization in chiral media. By expanding
the three-dimensional electromagnetic vector potentials
A(x, t) as a Fourier series A(x, t) =
∑
l Al(x)fl(t),
where Al(x) = ul exp (ikl · x) (ul is a unit vector) and
fl(t) = |fl| exp (−iωlt), one can obtain the expression
W = 2
(
ǫǫ0 + µ0ζ
2
)
V
∑
l ω
2
l f
∗
l fl for the energy of elec-
tromagnetic field in the chiral medium, where V de-
notes the volume of the medium. It follows that for
the electromagnetic energy density in the chiral medium,
the role of the chirality parameter ζ is just to make
a correction to the scalar factor ǫǫ0. Thus, we be-
lieve that the conventional mathematical formalism of
the field quantization in isotropic homogeneous electro-
magnetic media can apply in chiral media: specifically,
by introducing ql =
[(
ǫǫ0 + µ0ζ
2
)
V
]1/2
(fl + f
∗
l ) and
pl = −i
[(
ǫǫ0 + µ0ζ
2
)
V
]1/2
ωl (fl − f∗l ), the above ex-
pression for the field energy in the chiral medium can
be rewritten as W =
∑
l
(
p2l + ω
2
l q
2
l
)
/2. By using the
quantization technique, in which the annihilation and
creation operators of photon fields are defined as follows:
bl = (2~ωl)
−1/2 (ωlqˆl + ipˆl), b
†
l = (2~ωl)
−1/2 (ωlqˆl − ipˆl),
the formula of the field energy in the chiral medium can
be written in the form W = (1/2)
∑
l ~ωl
(
b†l bl + blb
†
l
)
.
This, therefore, means that the treatment and results of
the quantum vacuum contribution to Berry’s phase pre-
sented above is still valid for the case of chiral media.
According to the constitutive relations (9), a time har-
monic electromagnetic wave agrees with the wave equa-
tion(
∇2 − ǫǫ0µ0 ∂
2
∂t2
)
(E1 ± iE2)∓ 2ζµ0kω (E1 ± iE2) = 0.
(10)
4Therefore, the wave vectors kL,R corresponding to the
wave amplitudes E1± iE2 fulfill the two quadratic equa-
tions k2R + 2ζµ0ωkR − ǫǫ0µ0ω2 = 0 and k2L − 2ζµ0ωkL −
ǫǫ0µ0ω
2 = 0, respectively. The solutions of the quadratic
equations are given by kR = µ0ω
(
−ζ +
√
ζ2 + ǫǫ0/µ0
)
and kL = µ0ω
(
+ζ +
√
ζ2 + ǫǫ0/µ0
)
. Note that here
both the negative roots of kL,R have been ruled out since
it is assumed that the wave vectors of the left- and right-
handed polarized light have the same direction in the
propagation process inside the coiled fiber. It is thus
clear that the wave vector kR of the right-handed polar-
ized light is different from kL of the left-handed polarized
light because of the chirality parameter ζ, and that the
difference between them is ∆k = −2ζµ0ω. This may
lead to the possibility to differentiate between quantum-
vacuum Berry’s phases of left- and right-handed polar-
ized fields, which can be interpreted as follows: the pre-
cessional frequency of electromagnetic wave propagating
on the helicoid reads Ω = 2πv/
√
d2 + (4πa)2, where v
denotes the phase velocity of light inside the coiled fiber;
a is the radius of the helix and d the helical pitch length.
If the parameter ζ in the constitutive relations (9) is a
small number (compared with
√
ǫǫ0/µ0), then the dif-
ference between the precessional frequencies ΩR and ΩL
is ∆Ω = 4ζπc2µ0/[ǫ
√
d2 + (4πa)2]. Meanwhile, the dif-
ference between the precessional periods of right- and
left-handed circularly polarized light propagating on the
helicoid of the coiled fiber is ∆T = −2ζµ0
√
d2 + (4πa)2.
It follows that because of the existence of the chirality
parameter ζ, the precessional frequencies (and hence the
precessional periods) are different between the left- and
right-handed polarized light inside the coiled fiber. This
may enable us to separate one of the circularly polar-
ized light from another, and thus no longer allows the
quantum vacuum contribution to Berry’s phases to be
cancelled totally by each other in one precessional cycle.
Hence, such a novel vacuum effect is possible to be ob-
served in the coiled fiber experiments [17], if one utilizes
the fibers fabricated by the chiral media instead of those
made of regular (isotropic) media.
To summarize, we considered a new vacuum effect
caused by the time evolution of the zero-point energy
of quantum vacuum fluctuation. As the noncompensa-
tion effect of a pair of counter-propagating (or -spinning)
vacuum modes will arise in anisotropic media [16], the
physical effects resulting from quantum vacuum fluctu-
ation of left- and right-handed polarized modes will no
longer be exactly cancelled by each other. This may lead
to an observable effect of the quantum vacuum contri-
bution to Berry’s phase in time-dependent quantum sys-
tems. Since Berry’s phase at quantum vacuum level may
have close relation to some fundamental problems, e.g.,
the time evolution of vacuum background, field quantiza-
tion, time-dependent field theory as well as cavity QED,
we hope such an interesting vacuum effect would be re-
alized experimentally in the near future.
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